Sufficient conditions which guarantee the oscillation of all solutions of difference equations with oscillating coefficients and several deviating arguments are presented. The corresponding difference equations of both retarded and advanced type are studied. Examples illustrating the results are also given.
Introduction
In the present paper, we study the oscillatory behavior of the solutions of the difference equation and {σ i (n)} n∈N ,  ≤ i ≤ m, are sequences of integers such that
Here, as usual, denotes the forward difference operator x(n) = x(n + ) -x(n) and ∇ denotes the backward difference operator ∇x(n) = x(n) -x(n -). By a solution of (E R ), we mean a sequence of real numbers {x(n)} n≥-w which satisfies (E R ) for all n ∈ N  . Here, It is clear that, for each choice of real numbers c -w , c -w+ , . . . , c - , c  , there exists a unique solution {x(n)} n≥-w of (E R ) which satisfies the initial conditions x(-w) = c -w , x(-w + ) = c -w+ , . . . , x(-) = c - , x() = c  .
By a solution of (E A ), we mean a sequence of real numbers {x(n)} n∈N  which satisfies (E A ) for all n ∈ N.
A solution {x(n)} n≥-w ({x(n)} n∈N  ) of (E R ) ((E A )) is called oscillatory, if the terms x(n) of the sequence are neither eventually positive nor eventually negative. Otherwise, the solution is said to be non-oscillatory.
In the last few decades, the oscillatory behavior of all solutions of difference equations has been extensively studied when the coefficients p i (n) are nonnegative. However, for the general case when p i (n) are allowed to oscillate, it is difficult to study the oscillation of (E R ) ((E A )), since the difference x(n) (∇x(n)) of any non-oscillatory solution of (E R ) ((E A )) is always oscillatory. Therefore, the results on oscillation of difference and differential equations with oscillating coefficients are relatively scarce. Thus, a small number of paper are dealing with this case. See, for example, [-] and the references cited therein.
For (E R ) and (E A ) with oscillating coefficients, Bohner et al. [, ] established the following theorems.
Theorem . ([, Theorem .])
Assume that (.) holds and that the sequences {τ i (n)} n∈N  are increasing for all i ∈ {, . . . , m}. Suppose also that for each i ∈ {, . . . , m} there exists a sequence {n i (j)} j∈N such that lim j→∞ n i (j) = ∞ and
where n(j) = min{n i (j) :  ≤ i ≤ m}, then all solutions of (E R ) oscillate.
Assume that (.) holds and that the sequences {σ i (n)} n∈N are increasing for all i ∈ {, . . . , m}. Suppose also that for each i ∈ {, . . . , m} there exists a sequence {n i (j)} j∈N such that lim j→∞ n i (j) = ∞ and
where
where n(j) = max{n i (j) :  ≤ i ≤ m}, then all solutions of (E A ) oscillate.
Assume that (.) holds and that the sequences {τ i (n)} n∈N  are increasing for all i ∈ {, . . . , m}. Suppose also that for each i ∈ {, . . . , m} there exists a sequence {n i (j)} j∈N such that lim j→∞ n i (j) = ∞, 
then all solutions of (E R ) oscillate. 
then all solutions of (E A ) oscillate.
The authors study further (E R ) and (E A ) and derive new sufficient oscillation conditions. These conditions are the analogues of the oscillation conditions for the corresponding difference equations with positive coefficients, which were studied by Chatzarakis et al. [] . Examples illustrate cases when the results of the paper imply oscillation while previously known results fail.
Oscillation criteria

Retarded difference equations
We present new sufficient conditions for the oscillation of all solutions of (E R ), under the assumption that the sequences τ i are increasing for all i ∈ {, . . . , m}.
Theorem . Assume that (.) holds, the sequences {τ i (n)} n∈N  are increasing for all i ∈ {, . . . , m} and the sequence τ is defined by (.). Suppose also that for each i ∈ {, . . . , m} there exists a sequence {n i (j)} j∈N such that lim j→∞ n i (j) = ∞,
Proof Assume, for the sake of contradiction, that {x(n)} n≥-w is an eventually positive solution of (E R ). Then there exists j  ∈ N such that
Therefore, by (E R ) we have
This guarantees that the sequence x is strictly decreasing on
It is obvious that
Dividing both sides of (E R ) by x(n(j  )), we obtain
Combining (.) and (.), we obtain
Now we will show that ϕ i < ∞ for i = , , . . . , m. Indeed, assume that ϕ i = ∞ for some i, i = , , . . . , m. By using (.) we have
Consequently,
and therefore lim inf
In view of (.) and taking into account the fact that ϕ i = ∞ for some i, the above inequality is false. Hence ϕ i < ∞ for i = , , . . . , m. Taking the limit inferiors on both sides of the above inequalities (.), we obtain
and by adding we find
Since
the function f has a maximum at the critical point
Since f (ϕ  , ϕ  , . . . , ϕ m ) ≥ , the maximum of f at the critical point should be nonnegative. That is,
which contradicts (.). The proof of the theorem is complete. 
If, moreover,
Taking into account the fact that ϕ i < ∞ for i = , , . . . , m (see Theorem .), by using (.) and the fact that
Adding these inequalities we have
which contradicts (.).
The proof of the theorem is complete.
A slight modification in the proofs of Theorem . or Theorem . leads to the following result about retarded difference inequalities.
Theorem . Assume that all conditions of Theorem
has no eventually positive solutions; (ii) the difference inequality
has no eventually negative solutions.
Advanced difference equations
Similar oscillation theorems for the (dual) advanced difference equation (E A ) can be derived easily. The proofs of these theorems are omitted, since they follow a similar procedure as in Section ..
Theorem . Assume that (.) holds, the sequences {σ i (n)} n∈N are increasing for all i ∈ {, . . . , m} and the sequence σ is defined by (.). Suppose also that for each i ∈ {, . . . , m} there exists a sequence {n i (j)} j∈N such that lim j→∞ n i (j) = ∞,
Theorem . Assume that (.) holds, the sequences {σ i (n)} n∈N are increasing for all i ∈ {, . . . , m} and the sequence σ is defined by (.). Suppose also that for each i ∈ {, . . . , m} there exists a sequence {n i (j)} j∈N such that lim j→∞ n i (j) = ∞,
A slight modification in the proofs of Theorems . or Theorem . leads to the following result about advanced difference inequalities.
Theorem . Assume that all conditions of Theorem
has no eventually positive solutions;
(ii) the difference inequality
Special cases
In the case where p i , i = , , . . . , m, are oscillating real constants and τ i are constant retarded arguments of the form τ i (n) = n -k i , (σ i are constant advanced arguments of the
For this equation, as a consequence of Theorem . (Theorem .) and Theorem . (Theorem .), we have the following corollary.
Then all solutions of (E) oscillate.
Examples
The following two examples illustrate that the conditions for oscillations (.) and (.) are independent. They are chosen in such a way that only one of them is satisfied. Also Example . Consider the retarded difference equation
where p  (n) and p  (n) are oscillating coefficients, as shown in Figure  . In view of (.), it is obvious that τ (n) = n -. Observe that for n  (j) = j + , j ∈ N, we have p  (n) >  for every n ∈ A, where
Also, for
we have p  (n) >  for every n ∈ B, where
that is, (.) is satisfied. Moreover, the computation immediately implies that
that is, condition (.) of Corollary . is satisfied and therefore all solutions of (.) oscillate. Observe, however, that
that is, condition (.) of Corollary . is not satisfied.
Also,
Observe that . < ,
Therefore the conditions (.), (.), and (.) are not satisfied.
On the other hand, p  (n) >  for every n ∈ A = A and p  (n) >  for every n ∈ B , where
that is, condition (.) is satisfied. In view of this, we have
that is, condition (.) is not satisfied.
Example . Consider the advanced difference equation
where p  (n) and p  (n) are oscillating coefficients, as shown in Figure  . In view of (.), it is obvious that σ (n) = n + . Observe that for
we have p  (n) >  for every n ∈ A, where
Also, for 
